Abstract
Introduction
We first consider a general case of a mixture with n hosts that is exposed to n pathogens. These 77 could be either different strains (races or pathotypes) of the same pathogen or different pathogen 78 species capable of infecting the same host tissue. The dynamics of the host-pathogen interactions 79 are described by the susceptible-infected model that consists of 2n equations:
different hosts, which is reflected in the rate of spore production and the ability of resulting spores 98 to infect additional host tissue. Both host susceptibility and pathogen virulence are described in the 99 model by the transmission rates β ik . The infected host tissue loses its infectivity (i. e. the ability to 100 produce infectious spores) with the rate µ (µ −1 is the average infectious period), which is assumed 101 to be the same for all I i , i = 1, ..., n.
102
We neglected spatial dependence of pathogen dispersal: every infected host is equally likely to 103 infect every other infected host within the population (often called the "mass-action" approxima-104 tion). This approximation is valid for air-borne pathogens with long-range dispersal (for example,
105
rusts and mildews), for sufficiently small plot sizes and for a uniform mixture of host varieties.
106
There is evidence that when the overall disease severity is large enough, the disease may develop and a point of reference for further inquiries that will consider autoinfection and spatial dimension 113 explicitly.
114
We will vary the number of host varieties in the mixture n, while keeping the total carrying 115 capacity constant:
We will consider the total amount of healthy and 116 infected hosts at the infected equilibrium (denoted by an "*"-superscript) of the system of Eqs.
(1)-
The equilibrium corresponds a fixed point of the system Eqs. 
123
In order to obtain an analytical solution for the disease severity Eq. (4), we consider the trans-124 mission matrix of a simple form
Here, every diagonal element of the matrix B is equal to β d and every non-diagonal element is 127 β nd . We generally assume partial specialization, where β d ≥ β nd . Furthermore, assuming that all 128 healthy and infected hosts start with the same initial conditions, their dynamics will be the same.
129
Hence, the amount of healthy and infected hosts is the same in each compartment i and equal to
130
H p and I p , correspondingly. So, we substitute H i = H p , I i = I p in Eqs.
(1)-(2) and simplify these 131 equations:
134 135
where β eff = β d + (n − 1)β nd .
136
We also consider the simpler case when two host varieties H 1 and H 2 are exposed to two types 137 of pathogen: 1 and 2 (we also refer to them as P 1 and P 2 ), because mixtures of two host varieties 138 are used most often. The model of susceptible-infected dynamics is described schematically in 139 Fig. 1 and mathematically by the four equations:
144 145
There are four compartments in the model: to be planted. This is reflected in the change of the ratio
assume that the seeds of the two host varieties are well mixed before planting, such that the spatial 150 distribution across the field is uniformly random for both types of plants.
151
Both host susceptibility and pathogen virulence are described in the model by the four transmis-152 sion rates β 11 , β 22 , β 12 , and β 21 . The corresponding transmission matrix has the form 153 B = β 11 β 12
154
As before, the first index of matrix elements represents the source of infection and the second index 155 represents the recipient of infection (see Fig. 2 case by assuming that the amount of disease is growing exponentially over time.
178

Results
179
First, we present the outcomes of the general model that describes many pathogen strains and host
180
varieties and determine an optimal number of components in a host mixture. Next, we determine
181
proportions of hosts in the mixture that will minimize the disease.
182
What is the optimal number of components to use in a host mixture?
183
In order to answer this question, we consider a mixture of n hosts exposed to n pathogens. and assume that every host variety is planted at the same proportion, i. e. K i = K:
190
Using this expression, we plotted in Fig. 3 the disease severity as a function of the number of available for each pathogen strain is so small that they are not able to survive only on it. Therefore,
205
whether we can eradicate the disease depends on the ability of pathogen strains to survive on hosts 206 that are not their favorite. This is determined by the parameter R 0nd = β nd K tot /µ, which is the 207 basic reproductive number of pathogen strains as a whole in the absence of their preferred hosts.
208
If R 0nd > 1, then pathogen strains can survive in the absence of their preferred hosts. In this case,
209
disease severity tends to a constant positive value at large n and never decreases to zero (dash-
210
dotted curve in Fig. 3 ). In contrast, when R 0nd < 1, pathogen strains die out in the absence of their 211 preferred hosts.
212
We take the the limit of very large n in Eq. (14) and find that the disease severity is proportional 213 to R 0nd − 1 in this case:
215
where 
228
Here, n opt1 is the number of mixture components at which the disease severity y acc is reached. This n opt1 = 9 for the solid curve corresponding to full specialization to n opt1 = 16 for the dashed 233 curve representing partial specialization in Fig. 3(a) ]. Also, the optimum number of components is 234 proportional to the total host population size K tot .
235
Another way to determine an optimal number of mixture components uses the fact that y * (n) de-236 creases with n, but also considers that the rate of this decrease (i. e. the derivative
with n. Hence, the benefit of adding one more component to a mixture that already has n compo-238 nents decreases with increasing n. Because of this, the dependence y * (n) eventually saturates to a 239 constant value given by Eq. (15). Therefore, one can define a minimum decrease in disease severity 240 due to adding one more host variety to the mixture ∆y min that is still economically plausible. The 241 number of mixture components at this minimum is optimal, i. e. n = n opt2 . Mathematically, n opt2 242 can be found from the equation y * tot (n opt2 − 1) − y * tot (n opt2 ) = ∆y min , where y * tot (n) is given by
245 where C = µ 2 + r H (β nd K tot − µ). This is also illustrated in Fig. 3 increased further up to full specialization (solid curve), n opt2 shifts to the larger value of four.
249
We expect mixtures to be more effective against pathogens with intermediate and low trans- with more components need to be used to reach the optimal effects.
255
The optimum number of components in the mixture, defined according to Eq. (16), can only 256 be found if the acceptable severity y acc can be reached by increasing n (that is when R 0nd < 1). proportion of the host varieties at which the amount of disease is minimized? Answers to these 268 questions depend on the relationships between the elements of the transmission matrix B.
269
We calculate the disease severity at equilibrium y * [Eq. to one, while keeping the total carrying capacity of hosts K = K 1 + K 2 constant.
272
When each pathogen can infect both hosts equally well (i. e. β 12 = β 11 , β 21 = β 22 , no special- Fig. 4(a) ).
291
The magnitude of this reduction increases with the degree of specialization and reaches a maximal 292 value at full specialization (solid red curve). Also, the range of φ 1 -values, over which the propor-293 tion of disease remains minimal, increases with the degree of specialization [cf. solid and dotted 294 curves in Fig. 4(a) ].
295
The ranges over which the frequency of pathogen 2 remains constant or changes as a function shown versus φ 1 . In the region where y * decreases with φ 1 , pathogen 2 dominates the population
299
(f 2 = 1). In the region where y * stays constant, the two pathogens co-exist, but the frequency of 300 pathogen 2 decreases with φ 1 until it reaches zero. This occurs at the border, where another fixed 301 point becomes stable, the one corresponding to pathogen 1 dominating the population (f 2 = 1).
302
Here, the disease severity increases with φ 1 . 
319
We also investigated the time dependence of the disease severity before the equilibrium is 
336
This can be useful, if one of the pathogens is much less desirable, for example, because of myco-337 toxin production or the risk of fungicide resistance.
338
Discussion
339
We have shown that when a population of crop plants is exposed to two host-specialized pathogen 340 strains or species, the overall severity of both diseases is smaller in the mixture of two host varieties 341 than in either of the pure stands. We obtained analytical expressions for the disease reduction 
351
We also generalized the model to describe host mixtures with more than two components. We 352 find that when there is a degree of host specialization, the overall disease severity decreases with 
364
It is desirable to study the benefit of mixing host varieties representing the whole range of val- have not yet been quantified in the existing modeling literature. Here, we obtained analytical ex-
388
pressions for these quantities that allow to investigate the mixture efficacy in the whole range of 389 parameters and also understand the underlying mechanisms of disease reduction in mixtures.
390
Mixtures and pure stands of several wheat cultivars were inoculated using a mixture of two The "reduced density" effect originally referred to the mixture of a susceptible and a resistant 416 variety (Chin and Wolfe, 1984) . Hence, it cannot lead to a disease level lower than in the pure stand 417 of the resistant variety. Here we extended the notion of the "reduced density" effect to the case 418 of two or more host-specialized pathogen strains or species. For example, this may correspond to 419 host 1 being susceptible to pathogen 1, but resistant to pathogen 2 and host 2 being susceptible to 420 pathogen 2, but resistant to pathogen 1. We find that it is only in such cases that disease level in 421 the mixture is lower than in both pure stands.
422
Our model does not include the "barrier" effect, since it does not explicitly consider the spatial 
562
Figure 2. Scheme of the host-pathogen interaction. "+" refers to full susceptibility, "-" refers to 563 full resistance to disease, and these signs correspond to a "pure" gene-for-gene (GFG) interaction.
564
The transmission matrix β ij , i, j = 1, 2 represents a more general description with "pure" GFG 
